Abstract. Let X be flat scheme over Z such that its base change, X p , to F p is Frobenius split for all primes p. Let G be a reductive group scheme over Z acting on X. In this paper, we prove a result on the N p property for line bundles on GIT quotients of X C for the action of G C . We apply our result to the special cases of (1) an action of a finite group on the projective space and (2) the action of a maximal torus on the flag variety of type A n .
Introduction
Syzygies of algebraic varieties have been studied classically since the time of Italian geometers. For instance, the question of projective normality and normal presentation of embeddings of projective varieties in a projective space was studied in depth. The subject has been revived and there is much renewed interest since Green [5, 6] developed a homological framework which encompasses the classical questions. It was noted that projective normality and normal presentation were really properties of a graded free resolution and N p property was defined as a generalisation of this property.
We briefly review the notion of N p property.
Let k be an algebraically closed field of characteristic 0. All our varieties are projective, smooth and defined over k.
Let L be a very ample line bundle on a projective variety X. Then L determines an embedding of X into the projective space P H 0 (X, L) . We denote by S the homogeneous coordinate ring of this projective space. Then the section ring R(L) of L is defined as
and it is a finitely generated graded S-module. One looks at the minimal graded free resolution of R(L) over S:
where E i = S(−a i,j ) for all i ≥ 0 and a i,j are some nonnegative integers.
We say that L has N 0 property if E 0 = S. This simply means that the embedding determined by L is projectively normal (or L is normally generated).
L is said to have N 1 property if E 0 = S and a 1,j = 2 for all j. In this case, we also say that L is normally presented. Geometrically, this means that the embedding is cut out by quadrics.
For p ≥ 2, we say that L has N p property if E 0 = S and a i,j = i + 1 for all i = 1, . . . , p.
Given a very ample line bundle L, it is an interesting question to ask whether it has N p property for a given p.
There is extensive literature on this question. The following is a sample of results. For line bundles on curves see [7] , on surfaces see [3, 4] . For abelian varieties, see [24] . In [2] , a general result is proved for very ample line bundles on projective varieties.
In this paper, we are interested in the N p property for line bundles on GIT quotients. More specifically, we consider varieties defined over Z and consider the descent of an ample line bundle to a GIT quotient. We obtain a general result on N p property of this descent (Corollary 4.3) by using a cohomological criterion for N p property. We prove the required vanishing results using Frobenius splitting methods (Theorem 3.2).
In [15] , the authors consider the quotients of a projective space X for the linear action of finite solvable groups and for finite groups acting by pseudo reflections. They prove that the descent of O X (1) ⊗|G| is projectively normal. In [10] , these results were obtained for every finite group but with a larger power of the descent of O X (1)
⊗|G| . In this paper, we consider any finite group acting linearly on X and prove a general result on N p property for the descent of O X (1)
G is Gorenstein (cf [25, Corollary 8.2] also). Thus G\P(V ) is also Gorenstein. In this case, with the further assumption that the order of G divides the dimension of V , we prove that the canonical line bundle on P(V ) descends to the quotient G\P(V ) and it is the canonical line bundle.
A question of Fulton concerns the N p property of line bundles on flag varieties (cf. [2, Problem 4.5]). The special case of flag varieties of type A n is considered in [18] and a general result is obtained. In line with this, we consider the GIT quotient of a flag variety of type A n for the action of a maximal torus and we obtain a result on N p property as an application of our main result.
The organisation of the paper is as follows: Section 2 consists of preliminaries. Cohomology of line bundles on the quotient variety is studied in Section 3. In section 4, we prove N p property for GIT quotients of varieties which are defined over Z. We apply these results to the special case of finite group quotients in Section 5 and to the special case of GIT quotient of a flag variety of type A n for the action of a maximal torus in section 6.
Preliminaries
Given a vector bundle F on a projective variety X that is generated by its global sections, we have the canonical surjective map:
Let M F be the kernel of this map. We have then the natural exact sequence:
Our goal in this paper is to study N p property of line bundles on GIT quotients of projective varieties with some special property. 
.., L r be coherent sheaves on a variety X. Consider the multiplication maps
...,
If α 1 ,...,α r are surjective, then so is ψ.
Proof. We have the following commutative diagram where id denotes the identity morphism:
...
Since α 1 , α 2 , ..., α r are surjective and this diagram is commutative, a simple diagram chase shows that ψ is surjective.
The following result, known as Castelnuovo -Mumford lemma, will be used often in this paper.
Lemma 2.5. [21, Theorem 2] Let E be an ample and base-point free line bundle on a projective variety X and let F be a coherent sheaf on X. If
is surjective for all i ≥ 0.
Cohomology of the quotient variety
Let X be a flat scheme over Z. Let p be a prime number and let F p denote the algebraic closure of the finite field F p . Let X p denote the F p -valued points of X. Let X C denote the C-valued points of X. We assume that X C is a projective variety over C and that X p are projective varieties over F p for all primes.
We assume that there is a sheaf N on X such that the base change of N to X C , N C , (respectively, N p on X p , for all primes) is an ample line bundle.
Finally assume that X p is Frobenius split for all primes.
Let G be a reductive (not necessarily connected) algebraic group scheme over Z acting on X such that the action map G C × X C −→ X C is a morphism. Assume that every line bundle on X C is G C -linearised and that (X C ) ss G C (N C ) is nonempty. We assume that the above hypotheses also hold for base change over F p for all but finitely many primes.
For the preliminaries and notion of Geometric Invariant Theory, we refer to [22] and [23] . For the notion of Frobenius splitting, see [20] . 
Theorem 3.2. With the notation as above, the following statements hold. Proof. Since N p is ample, by Serre's vanishing theorem, there is a positive integer r such that
Now we will use the Frobenius splitting property of X p to prove (1) (cf. [20] ). Let F denote the Frobenius morphism corresponding to prime p.
Iterating this process, we conclude that the map
Since X is flat over Z, using semicontinuity theorem [8, Theorem III.12.8], we conclude that
Proof of
for every i > 0 and e ≥ 0.
Hence, by the above arguments,
It is well known that there is a positive integer r such that (2) is similar to the proof of (1) using the Frobenius splitting property of Y p .
This completes the proof of theorem.
N p property
Let X be a flat scheme over Z. We assume that the hypotheses stated at the begininning of Section 3 hold. For simplicity of notation in this section we use letters X, Y and L to denote X C , Y C and L C respectively.
In this section we prove a result on N p property for L using Theorem 2.1. By Remark 2.3, we need the assumption that L is ample and base point free. By Lemma 3.1, L is ample.
We assume further that L is base point free. Let d = dim(Y ). 
Consider the sequence 2.2 with
Tensoring with L ⊗b and taking cohomologies, we get
To prove surjectivity of α, we will use Lemma 2.4 and first prove that the following map is surjective:
For this we use Lemma 2.5. The needed vanishings are H i (L b−i ) = 0, for i = 1, . . . , d. These follow from Theorem 3.2(1).
Similarly, we obtain the surjectivity of the maps:
and so on. By Lemma 2.4, α is surjective.
For i > 1, we consider the relevant part of the long exact sequence of (4.1) twisted by L ⊗b :
We get the desired vanishing by 
The last term is zero by induction hypothesis. Note that the hypothesis required for a, b hold. Hence it suffices to show that α is surjective.
In order to show that α is surjective we will use Lemma 2.4 and first consider the following
By Lemma 2.5, this map surjects if
Hence the required vanishing is clear from induction hypothesis applied to m − 1. Now consider the map:
Using Lemma 2.5, as we did for α 1 , we conclude that α 2 is surjective too. Iterating this we obtain surjectivity of α i for all i and hence α is also surjective.
Finally for i > 1, we have:
The middle term is zero because the other two are zero by induction.
This completes the proof of the theorem.
Corollary 4.2. Let X be a flat scheme over Z and let G be a reductive group scheme over Z acting on X. Suppose that all the hypotheses stated at the beginning of Section 3 hold. Let L denote the descent to Y C of the ample line bundle N C on X C .
Then L ⊗a has N p property for a > (p + 1)d.
We apply the above theorem with m = 1, . . . , p + 1 and the required vanishing follows immediately.
We get a stronger result when we assume that the top cohomology of the structure sheaf vanishes.
Corollary 4.3. Let X be a flat scheme over Z and let G be a reductive group scheme over Z acting on X. Suppose that all the hypotheses stated at the beginning of Section 3 hold. Let L denote the descent to Y C of the ample line bundle N C on X C . Suppose further that
Proof. This follows from the proof of Theorem 2.1. In the base case (m = 1), we required vanishing 
GIT quotients for the action of a finite group on a projective space
Let G be a finite group of order n. Let ρ : G → GL(V ) be a representation of G over C. G operates on the projective space X = P(V ) and every line bundle on X is G-linearised. Let d be the dimension of X.
Note that for every point x ∈ X, the isotropy subgroup G x of x in G acts trivially on the fiber of x in O X (n). Hence, by [16, Prop 4 
Hence L is base point free. Also note that L is ample by Lemma 3.1.
Note that the statement of For p = 0, we deduce the following corollary. This result is new compared to [15] since it works for every group. This result is also new compared to [10] since the bound on degree is small.
Corollary 5.2. L
⊗d−1 has N 0 property.
Note that O X (n) is the inverse of the canonical line bundle K X of X. Since K X descends to Y , it is a natural question to ask whether this descent is the canonical line bundle of Y , if Y is Gorenstein. We obtain the following result.
Lemma 5.3. Assume that ρ(G) ⊂ SL(V ). Then the descent of the canonical line bundle 
By applying Serre duality for the variety X, we have
On the other hand, applying Serre duality for the variety Y , we have 
GIT quotients for the action of a maximal torus on the flag variety
For the preliminaries on semisimple algebraic groups, semisimple Lie algebras and root systems, we refer to [11, 12] . For the preliminaries on Chevalley groups we refer to [26] .
Let G be a semisimple Chevalley group over C of rank n. Let T be a maximal torus of G, B a Borel subgroup of G containing T , which are defined over Z. Let N G (T ) denote the normaliser of T in G. Let W = N G (T )/T denote the Weyl group of G with respect to T . We denote by g the Lie algebra of G. We denote by h ⊆ g the Lie algebra of T . Let R denote the roots of G with respect to T . Let R + ⊂ R be the set of positive roots with respect to B. Let S = {α 1 , α 2 , · · · , α n } ⊂ R + denote the set of simple roots with respect to B. Let ., . denote the restriction of the Killing form to h. Letα i denote the coroot corresponding to α i . Let ̟ 1 , ̟ 2 , · · · , ̟ n denote the fundamental weights corresponding to S.
Let s i denote the simple reflection in W corresponding to the simple root α i . For any subset J of {1, 2, · · · , n}, we denote by W J the subgroup of W generated by s j , j ∈ J. We denote the complement of J in {1, 2, · · · , n} by J c . For each w ∈ W , we choose an element n w in N G (T ) such that n w T = w. We denote the parabolic subgroup of G containing B and {n w : w ∈ W J c } by P J . In particular, we denote the maximal parabolic subgroup of G generated by B and {n s j ; j = i} by P i .
Let X(B) denote the group of characters of B and let χ ∈ X(B). Then, we have an action of B on C, namely b.
The set of all equivalence classes is the total space of a line bundle over G/B. We denote this G-linearised line bundle associated to χ by L χ .
Let G = SL(n + 1, C). Let J be a subset of {1, 2, · · · n} and let P J be the parabolic subgroup of G corresponding to J. Since G is simply connected, every line bundle on G/P J is G-linearised (cf. [16, 3.3 
, Page 82]).
Let W J c be the minimal representatives of elements in W with respect to the subgroup W J c . For w ∈ W J c , let X(w) = BwP J /P J ⊂ G/P J be the Schubert variety corresponding to w. Note that X(w) is T -stable. Hence restriction of any line bundle on G/P J to X(w) is T -linearised.
Let χ be a dominant character of T which is in the root lattice such that χ, α j > 0 for every j ∈ J. Let w ∈ W J c be such that X(w) Proof. This follows from the above discussion and Corollary 4.3. Now let X = G/P J . We apply this theorem to the inverse of the canonical line bundle K X of X. 
